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Abstract. - Many quantum information tasks rely on entanglement, which is used as a resource, 
for example, to enable efficient and secure communication. Typically, noise, accompanied by loss 
of entanglement, reduces the efficiency of quantum protocols. We develop and demonstrate exper¬ 
imentally a superdense coding scheme with noise, where the decrease of entanglement in Alice’s 
encoding state does not reduce the efficiency of the information transmission. Having almost 
fully dephased classical two-photon polarization state at the time of encoding with concurrence 
0.163 ± 0.007, we reach values of mutual information close to 1.52 ± 0.02 (1.89 ± 0.05) with 3- 
state (4-state) encoding. This high efficiency relies both on non-Markovian features, that Bob 
exploits just before his Bell-state measurement, and on very high visibility (99.6% ± 0.1%) of the 
Hong-Ou-Mandel interference within the experimental set-up. Our proof-of-principle results with 
measurements on mutual information pave the way for exploiting non-Markovianity to improve 
the efficiency and security of quantum information processing tasks. 


Quantum information protocols exploit entanglement or 
)ther quantum resources . Often, photons are used in 
;ommunication [^, e.g., in superdense coding (SDC) [4j|^. 
IDC is a paradigmatic protocol that employs entangled 
dates in order to reach communication abilities that have 
-10 classical counterpart and it is therefore at the heart of 
the opportunities offered by quantum information. The 
original proposal provided a way to communicate two 
bits of classical information by having at disposal a max¬ 
imally entangled two-qubit state, and by sending only a 
single qubit through a noiseless communication channel. 
More specihcally, the sender (Alice), who shares a maxi¬ 
mally entangled state (Bell state) with the receiver (Bob), 
encodes two bits of classical information by performing a 
unitary operation on her qubit (either the identity 1 or one 
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of the three Pauli operations <Jx,o'y,az), and then sends 
the qubit to Bob, who will retrieve the encoded informa¬ 
tion by performing a Bell measurement on the two-qubit 
system. The protocol was then generalised for an arbitrary 
entangled state pab shared between Alice and Bob and 


to many users 10 . In particular, the dense coding capac¬ 


ity for a shared state pab, achieved by optimising the 
mutual information between Alice and Bob over all possi¬ 
ble encoding strategies and assuming a noiseless channel, 
was proven to take the simple form 


C{pab) = ^ogd+S[pB) - S{pab) , 


( 1 ) 


where d is the dimension of Alice’s system, pB is Bob’s 
reduced density operator, and S{p) = — tr(plog/9) the von 
Neumann entropy. The protocol was also analysed in the 
context of noisy transmission channels [llf[13| and simple 
generalisations of the above expression were derived for 
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the case of covariant noise. 

Experimental implementations of superdense coding 


have been demonstrated with photons [5j|^ and atoms 14 
over noiseless channels, while the performance over a de¬ 
polarising channel was reported in 15 . Since complete 


Bell state analysis is not possible within linear optical sys¬ 
tems, the dense coding capacity is practically limited by 
the value log 2 3 « 1.585. Fligher values than the linear 
optical limit were reported in [^, where hyperentangled 
photons were employed. 

In this Article we develop and experimentally realize 
a superdense coding protocol with polarization entangled 
photons in a noisy environment. Surprisingly, we show 
that noise can be tailored in order to obtain a perfor¬ 
mance close to the ideal case of maximally entangled states 
and no transmission noise. To the best of our knowledge, 
we achieve the highest values of mutual information re¬ 
ported so far in the context of linear optics. Actually, we 
show that the mutual information of the protocol remains 
at a high constant value even if the entanglement of the 
two-qubit state, before Alice encodes the information, is 
reduced by noise acting on Alice’s photon. Our results 
demonstrate that close-to-ideal superdense coding can be 
achieved even with arbitrarily small amount of entangle¬ 
ment in the degree of freedom into which the message 
is encoded. The success of the protocol is based on the 
use of nonlocal memory effects |^, which are induced by 
initial correlations between the local environments of Al¬ 
ice’s and Bob’s qubits. In general, we refer to this type 
of environment as non-Markovian 16 -22 . Recent theo- 


the local coupling between the polarization and frequency 
of each photon j = A, B (Alice, Bob) is 

H] = [ dujjujj{nl.\V) (R|-fn^ \H) {H\)®\LOj) {ujj\. (2) 


Here Wj is the frequency of photon j and riy (vPjj) the 
index of refraction of its polarization component V (H). 


We assume that — n 


= — n 


V 


= An. The 


retical results on open quantum systems strongly indicate 
that, under certain circumstances, non-Markovian noise 
is more beneficial with respect to its Markovian counter¬ 
part for quantum information processing, metrology, and 

[239261. While a full resource 


quantum communication 


tial two-photon frequency state, in general, can be written 
as / du}AdujBg(ojA,^B)\^A) \<^b) where g(ujA,^B) is the 
joint probability amplitude and the corresponding joint 
probability distribution is P{ujA,tOB) = |5(wa,wb)P. We 
assume that the distribution P{uja,ujb) has a Gaussian 
form where the marginals have equal mean values (wa) = 
(ujb) = Wo/2 and variances Caa = {^a) ~ = Cbb- 

The correlation coefficient between the two frequencies is 
K = {{ujaujb) — (wa)(wb))/C'aa- We note that using 
photons, the correlations between the frequencies, which 
eventually act as local environments, can be adjusted by 
controlling the pump in down conversion. If one consid¬ 
ers other physical systems, e.g. atoms or ions for SDC, 
then correlating the uncontrolled ambient noise in Alice’s 
and Bob’s distant laboratories can be very challenging. 
However, the initial correlations between the local envi¬ 
ronments can be either quantum or classical since the de¬ 
coherence functions for the open system depend on the ini¬ 
tial joint probability distribution of the environment 27 . 
Therefore, local operations and classical communication 
between Alice and Bob in their distant laboratories are 
sufficient to create the classical initial environmental corre¬ 
lations to exploit nonlocal memory effects and engineered 
noise for SDC. Note also that quantum interference be¬ 
tween reservoirs may open alternative possibilities for cre¬ 


ating the required correlations 28 


theory for non-Markovianity has not yet been developed, 
our results provide the first experimental evidence, to the 
best of our knowledge, on the utility of memory effects for 
quantum technologies. 

Our SDC scheme and its experimental realization is 
based on a linear optical set-up where a polarization en¬ 
tangled pair of photons in the state |V'(0)) = = 

+ \ VV)) is generated by parametric downcon- 
version. The scheme then consists of four main steps: 1) 
Local noise on Alice’s photon 2) Alice’s encoding 3) Local 
noise on Bob’s photon 4) Bell-state measurement. The 
polarization of the photons, which is used to encode the 
information, is coupled by quartz plates to their frequency 
distribution realizing a dephasing noise. Thereby in our 
scheme, the polarization degree of freedom plays the role 
of the open system and the frequency degree of freedom 
of the same physical object the role of the environment. 
Note that we do not have a proper heat bath in our set¬ 
up. However, we can control precisely the coupling be¬ 
tween polarization and frequency and thereby introduce 
the noise in intentional way. The Hamiltonian describing 


After the local noise on Alice’s side, the polarization 
state shared between Alice and Bob is given by 

I 


PAB{tA) = 2 [\HH) {HH\ 


KA{tA) \HH) {VV\ 
n*A{tA)\VV){HH\ + \VV){VV\], (3) 


where the decoherence function ka as a function of Alice’s 
interaction time Ia is 


KA{tA) = J da;Ada;Be*‘-^“^^”|5(a;A, wb)P. 


(4) 


State © with decoherece function 0 from initial Bell- 
state is obtained by using Hamiltonian ([^ on Alice’s 
side and tracing out the frequency from the total system 
state (see also references jSp^). If we assume that there is 
no noise on Bob’s side, the capacity of the protocol would 
be given by Eq. Q with pABi^A) given by the expression 
above, namely 


C{pAB{tA)) = 2-H 


1 -f \ka 




(5) 
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where H{x) = —x\og2X — (1 — a::)log 2 (l — x) is the bi¬ 
nary entropy function. Alice applies now one of the local 
unitary operations {1, cry, to encode her message 
to the decohered state (|^. Without loss of generality, let 
us assume that Alice applies In step 3 of our protocol 
Bob applies local noise to his qubit for the duration ts- 
After this step the two-qubit state is 

PAB{tA,tB) = i [\VH) {VH\ + h{tA,tB) \VH) {HV\ 

+ h*{tA,tB) \HV) {VH\ + \HV) {HVW , (6) 

where the decoherence function, with is now 

h{tA,tA) = ( 7 ) 

In the ideal case of perfect anticorrelations in the fre¬ 
quency of the photons {K = —1), and if there does not 
exist other experimental imperfections, the magnitude of 
the decoherence function h is equal to 1. Therefore, Bob, 
as a matter of fact, recreates a maximally entangled pair 
of photons. Despite of the presence of noise, the ideal 
capacity value equal to two becomes achievable. The ex¬ 
perimental results below show that apart from some mi¬ 
nor frequency independent error sources we do practically 
achieve value K = —1. However, for the sake of generality, 
we present first theoretical results valid for any value of 
K. 

Since noise on Bob’s qubit acts locally, the SDC capacity 
of the present scheme can be computed as if it was applied 
before Alice’s encoding and with tA = tB it is then given 

by 


C{pAB(tA)) = 2-H 


l + \KA{tA)?^^^ 


( 8 ) 


We can see that for high values of the correlation coef¬ 
ficient K the SDC capacity in Eq. Q exceeds notably 
the channel capacity of Eq. ([^ , which corresponds to the 
case where Bob does not introduce any noise to his qubit. 
The increase in the capacity by the presence of noise on 
Bob’s qubit is due to nonlocal memory effects [^. In this 
scheme, despite the fact of having local interactions only, 
i.e. each qubit interacts with its own environment, the 
global two-qubit dynamical map is not a tensor product of 
the local maps. This is because the initial state of the com¬ 
posite environment contains correlations, as we have here, 
and as a consequence we can have, e.g., dynamics which is 
locally Markovian but globally non-Markovian. Therefore, 
we can make a connection between the correlation coeffi¬ 
cient K, non-Markovianity N and the SDC capacity C, 
and demonstrate theoretically that non-Markovianity im¬ 
proves the information transmission. In detail, the amount 
of non-Markovianity N (as defined in Ref. ) is related 
to the correlation coefficient K and the decoherence func¬ 
tion KA in the following way N = \KA{t)\~^ — \KA{t)\ 

(see also Ref. 25 ). By solving \K\ from this expression, 
the SDC capacity C [c.f. Eq.®] can be written explicitly 



Fig. 1: The experimental set-up. The abbreviations of the 
components are: HWP - half wave plate, QWP - quarter 
wave plate, Len - lens, IF - interference filter, QP - quartz 
plate, BS- beamsplitter, PBS - polarizing beamsplitter, BBOs 
- BBO crystals, and SPD - single photon detector. 


as a function of non-Markovianity Af 

c{j^,\KAm = 



To realize the SDC protocol in the presence of noise, 
we use the experimental set-up displayed in Fig. We 
use a continuous wave (CW) laser, with wavelength Aq = 
404 nm. Compared to a pulsed laser pump down conver¬ 
sion source, the accidental coincidence rate is lower. In 
our case, the single photon count rate is about 10000 I, 
and the coincidence window 3 ns, which will cause an ac¬ 
cidental coincidence rate about 0.3 A If one used pulsed 
laser (repetition rate about 76 MHz), the accidental co¬ 
incidence rate would be about 1.4 j.The laser is focused 
onto two 0.3 mm thick type-I cut /3-barium borate crystals 
to generate the two photon polarization entangled state 
|4)+) [^. One photon is sent to Alice and the other one 
is sent to Bob. On Alice’s side, prior to her unitary en¬ 
coding operation, local decoherence is implemented with 
quartz plates. We vary the amount of dephasing noise 
by controlling the quartz plate thickness. Figure]^ shows 
the corresponding values of entanglement of the shared 
two-qubit state just before Alice performs her encoding 
operation. Alice’s polarization state encoding is realized 
with the sandwich of a quarter-wave plate, a half-wave 
plate and a quarter-wave plate. After this. Bob applies 
local noise to his photon by quartz plates and finally, af¬ 
ter receiving Alice’s photon, he performs the Bell-state 
measurement. Our Bell-state measurement protocol uses 
three polarizing beamsplitters (see Fig. which are spe¬ 
cially selected so that the extinction ratio is higher than 
3000:1 on both sides. We also use single mode fibers to col¬ 
lect the photons and erase the spatial distinguishability of 
the photon pairs. To erase the spectral distinguishability 
of the two photons, we use two narrow-band interference 
filters for which the full width at half maximum is about 
3nm. With our polarizing beamsplitter set-up, we can 
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Fig. 2: Entanglement vs the amount of Alice’s noise. The 
points show the amount of entanglement, quantified by the 
concurrence, in the two-qubit state shared by Alice and Bob 
before Alice’s encoding. We use standard two qubit state to¬ 
mography process to rebuild the density matrix of the 

two photon polarization state and then calculate the concur¬ 
rence [31| from this density matrix. The solid line is an expo¬ 
nential fit to the experimental result. The error bars, which are 
due to the counting statistics and calculated using Monte Carlo 
simulation, are smaller than the marks of the data points. 


distinguish = {\HH) ± \VV))/\/2. The state |<i>+) 
corresponds to the coincidence between HI and H2, or be¬ 
tween VI and V2. The state |$“), in turn, corresponds to 
the coincidence between HI and V2, or between VI and 
H2. If we insert another HWP set at 45 degree, then we 
convert = {\HV) ± \VH))/\/2 to and distin¬ 
guish them. This means that we can distinguish the four 
Bell-states in two measurement processes. However, if we 
have a photon number resolving detector we can directly 
distinguish the three Bell states in only one measurement 
process. Therefore, in the three state encoding experiment 
we can directly distinguish 1$+), |4)“), and |4>+). Experi¬ 
mentally we use a 50/50 beam splitter and two single pho¬ 
ton detectors to replace V2 [^, see Fig.[^ If two photons 
arrived at V2, then we can determine it with a possibility 
of 50%. The key to the successful Bell-state measurement 
is the Hong-Ou-Mandel (HOM) interference. In our ex¬ 
periment the visibility of the HOM interference has a high 
value equal to 99.6% ± 0.1%, see Fig. The error bar is 
due to the counting statistics and calculated using Monte 
Carlo simulation. Thus with our set-up, we observe nearly 
perfect HOM interference, which has previously been ob¬ 
served only in a fiber beam splitter (99.4% ± 0.1%) [3^ . 

From the Bell state measurement we can determine ex¬ 
perimentally the mutual information between Alice and 
Bob with the noisy SDC scheme we use, by using the ex¬ 
plicit expression 


1{X : Y) ^ , (10) 

P2(2/) 

where x and y are the input and output variables corre¬ 
sponding in this case to the message encoded by Alice (one 


Fig. 3: Hong-Ou-Mandel interference. We use single mode 
fiber to reduce the spatial mode mismatch. The visibility of 
the HOM interference in our experiment is 99.6% ±0.1%. Red 
line is the Gaussian fit to the experimental data. 


of the Bell states) and the measurement result obtained 
by Bob, with probability distributions pi(x) and P 2 {y) re¬ 
spectively, while p{y\x) is the conditional probability of 
detecting the Bell state y given that the Bell state x was 
transmitted. We use our experimental scheme to imple¬ 
ment both the 3-state protocol, where information is en¬ 
coded into the three states |$+), |<i)“) and |'I'+) with equal 
probabilities (i.e. pi{x) = 1/3), and the 4-state protocol 
that employs all the four Bell-states with pi{x) = 1/4. 

Figure]^ shows the experimental results for the 3-state 
and 4-state encoding. The plot displays the experimen¬ 
tally determined values of the mutual information com¬ 
pared with the theoretical predictions as function of the 
concurrence C at the time of Alice’s encoding. Note that 
the amount of concurrence C is also equal to the magni¬ 
tude of the decoherence function \hia\ (see Sec. H of Sup¬ 
plementary Information in 20 ). For the theory, we give 


results in the absence and in the presence of noise on Bob’s 


qubit. With noise, the mutual information from Eq.(lO) 
can be written for the 3-state encoding 

I{\KA{t%K,s) = 

^ 2|KA(t)|"+"^arctanh {\KA{t)?^^^) 
in(8j 

+ 1’^ ± In (l ± \KA{t)\^^'^^) 

( 11 ) 


- s, 


and for the 4-state encoding 
I{\KA{t)\,K,s) = 


1 


ln(4) 


(1 - |KA(f)|"+^^) In (2 - 2|KA(t)P+"^) 


± (1 ± |KA(t)|^+^^) In (2 ± 2 |ka(0I"^"^) 


— 5 . 


( 12 ) 
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Fig. 4: Mutual information vs. the amount of concurrence. 
We show the experimental results both for the 3-state encoding 
(black circles) and 4-state encoding (black squares). The red 
dashed lines display the corresponding theoretical fits and blue 
solid line the noiseless 4-state capacity from Eq. § (no noise 
after encoding). On the x-axis, concurrence is at the time of 
Alice’s encoding and corresponds to y-axis of Fig. 2. Note 
that this is also equal to the magnitude of the decoherence 
function \ka\ 20 . Earlier experiments on SDC with photons 


have achieved the values of capacity 1.13 and 1.63 [^, both 
without any noise and latter by exploiting hyper entanglement 
while in Ref. 15 the mutual information decreases when noise 
is applied. The error bars are due to the counting statistics 
and calculated using Monte Carlo simulation. 


Above, the fitting parameters are the correlation coeffi¬ 
cient K and s which accounts for experimental imperfec¬ 
tions. These frequency independent imperfections are due 
to the experimental Bell-state preparation and Bell-state 
measurement. In the least square fits, they obtain for 3- 
state encoding (4-state encoding) the values K = —1.0 
and s = 0.0749 {K = -0.99995 and s = 0.0975). 

By looking at Fig. we observe that both in 3-state 
and in 4-state encoding, the measured mutual informa¬ 
tion is almost independent of the amount of noise in¬ 
troduced to the system. In other words, the reduction 
of entanglement in the polarisation degree of freedom at 
the time of encoding does not influence the efficiency of 
the information transmission. Therefore, it is possible 
to reach the values of mutual information 1.52 ± 0.02 
(1.89 ± 0.05) with 3-state (4-state) encoding having con¬ 
currence in the state pab (tA), just before Alice’s encoding, 
equal to 0.163 ±0.007. Note that for the ideal case the ca¬ 
pacity with 3-state encoding is equal to log 2 3 « 1.585. To 
the best of our knowledge, the above value of the experi¬ 
mental mutual information for the case of 3-state encoding 
is higher than all previously reported experimental values 
achieved in the context of linear optical implementations 
or with trapped ions. The experimental points reported 
in Fig. 1^ for the 4-state encoding represent a proof-of- 
principle demonstration of the efficiency of the 4-state pro¬ 
tocol, since complete Bell analysis is not available in our 
scheme, based on linear optical elements. In our scheme. 


the high values of measured mutual information are based 
on nonlocal memory effects [^[^[^|^. The present re¬ 
sults also show that it is indeed possible to implement local 
unitary operations between Alice’s and Bob’s local noise 
processes without disturbing the appearance and influence 
of the memory effects. 

In addition of the main results presented above - al¬ 
most ideal information transmission despite of noise - the 
scheme also opens new possibilities to improve the secu¬ 
rity of the transmission. The decoherence may be used 
as a scytale cipher for quantum information. Let Alice 
and Bob agree beforehand on a common decoherence ba¬ 
sis and the duration of the noise, which are unknown to 
Eve. Now, Alice adds noise to her qubit before sending 
it to Bob, thus making the message unreadable for Eve. 
Since Bob knows in which basis Alice’s qubit decohered, 
he can utilise the nonlocal memory effects to recover the 
message by additional noise. Therefore, Bob’s noise acts 
as the stick needed for decrypting the message and to read 
the scytale cipher. Note that Alice and Bob do not neces¬ 
sarily have to share the information about the correlation 
coefficient K provided that it has high enough value as in 
the experiment demonstrated here. 

It is also worth mentioning that the exploitation of non¬ 
local memory effects in the present scheme provides good 
efficiencies also when local dephasing noise is introduced 
on Alice’s qubit after her encoding. The efficiency of the 
3-state coding scheme is not influenced by reordering of 
the noise because dephased states always have 

orthogonal support with respect to protected 
states. For 4-state coding the advantage with respect to 
the corresponding Markovian scenario (i.e. AT = 0) is 
less striking than in the experimental situation presented 
above but it is nevertheless quite appreciable when the 
noise has finite duration. For infinite duration of the 
noise, the 4-state case becomes equal to 3-state coding. 
It is also worth mentioning that the nonlocal memory ef¬ 
fects , which we exploit here, were originally discovered 
for dephasing noise. Even though dephasing is one of the 
most common decoherence mechanisms, it is an important 
open problem if and how the nonlocal memory effects can 
be generalized to other types of decoherence, e.g., depo¬ 
larizing or dissipative noise. Therefore, if in the scheme 
above there are other noise sources in addition to dephas¬ 
ing, with current knowledge, this is expected to reduce 
the efficiency of the presented protocol. Having a scheme 
which protects quantum properties simultaneously against 
all possible types of noise is such a grand task that it is 
out of the reach of the present results, both theoretical 
and experimental. 

To conclude, we have demonstrated an efficient super- 
dense coding scheme in the presence of dephasing noise 
which provides almost ideal performance by exploiting 
nonlocal memory effects. As a matter of fact, we reach the 
almost ideal values of mutual information with arbitrary 
small amount of entanglement in the degree of freedom 
used for the information encoding. To the best of our 
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knowledge, we have also demonstrated experimentally, 
for the first time, that non-Markovian memory effects 
can be harnessed to improve the efficiency of quantum 
information protocols. 
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